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Abstrat
We derive dual parameterization for the DVCS amplitude to the twist-3 auray.
The relation of the dual parameterization to the Abel transform tomography for
amplitudes of hard exlusive proesses is elaborated. We prove dispersion relations
for the twist-3 DVCS amplitude in the Wandzura  Wilzek approximation and show
that the subtration onstant is given by the D-term form fator. The same as in
the ase of twist-2 DVCS amplitude.
Dual parameterization failitates Abel tomography for DVCS amplitudes
The dual parameterization [1℄ of generalized parton distributions (GPDs) [2℄ (for reent
reviews of GPDs see [3, 4, 5, 6℄) provides us handy and exible tool to desribe amplitudes
of hard exlusive proesses in terms of single funtion  so-alled quintessene funtion.
This funtion quanties the maximum amount of information about GPDs, whih an be
extrated from data on hard exlusive proesses. First phenomenologial appliations of
this parameterization to DVCS give very promising results [7, 8℄. In present paper we
extend the dual parameterization to the twist-3 GPDs in the WandzuraWilzek approx-
imation.
Let us rst remind basis of the dual parameterization and dwell on its relation to
Abel tomography [9℄. The leading order twist-2 amplitude of hard exlusive reations is
expressed in terms of the following elementary amplitude
∗
:
Atw2(ξ, t) =
∫ 1
0
dxH(x, ξ, t)
[
1
ξ − x− i0 −
1
ξ + x− i0
]
. (1)
We see that the amplitude is given by the onvolution integral in whih dependene of
GPDs on variable x is integrated out. One an not ompletely restore the GPDH(x, ξ, t)
from Eq. (1) , beause from this equation one an obtain the same amplitude with dierent
GPDs H(x, ξ, t). In dual parameterization the expression for the amplitude has the form
∗
As the rst step we restrit ourselves to DVCS on spinless hadron.
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[1, 10, 11℄:
Im Atw2(ξ, t) =
∫ 1
1−
√
1−ξ2
ξ
dx
x
N(x, t)
[
1√
2x
ξ
− x2 − 1
]
, (2)
Re Atw2(ξ, t) =
∫ 1−√1−ξ2
ξ
0
dx
x
N(x, t)
[
1√
1− 2x
ξ
+ x2
+
1√
1 + 2x
ξ
+ x2
− 2√
1 + x2
]
+
∫ 1
1−
√
1−ξ2
ξ
dx
x
N(x, t)
[
1√
1 + 2x
ξ
+ x2
− 2√
1 + x2
]
+ 2D(t) . (3)
The amplitude is ompletely determined by, so-alled, GPD-quintessene funtion N(x, t)
[8℄ and by the D-form fator D(t). The latter is :
D(t) =
∞∑
n=1
dn(t) =
1
2
∫ 1
−1
dz
D(z, t)
1− z , (4)
where D(z, t) is the D-term [12℄. One an hek [10℄ that the amplitude given by Eqs. (2,3)
automatially satises the dispersion relation with the subtration onstant given by the
D- form fator, as it should be on general grounds [13, 14℄. The GPD-quintessene funtion
N(x, t) is expressed in terms of set of forward-like funtion† as:
N(x, t) =
∞∑
ν=0
x2ν Q2ν(x, t) . (6)
The knowledge of the LO amplitude is in one-to-one equivalene to the knowledge of
the funtion N(x, t) and the D-form fator D(t), beause the Eq. (2) an be inverted [10℄,
i.e. the funtion N(x, t) an be expressed unambiguously in terms of amplitude. As the
funtion N(x, t) is unambiguously restored from the amplitude it means that it ontains
maximal information about GPDs whih one an, in priniple, obtain from the amplitudes.
†
We all the funtions Q2ν(x, t) forward-like beause [10℄:
• At the LO sale dependene of funtions Q2ν(x, t) is given by the standard DGLAP evolution
equation, so that these funtions behave as usual parton distributions under QCD evolution.
• The funtion Q0(x, t) is related to the forward t-dependent quark densities q(x, t) (at t = 0 they
are redued to usual parton densities q(x) measured in DIS) as:
Q0(x, t) = q(x, t) + q¯(x, t)− x
2
∫ 1
x
dz
z2
(q(z, t) + q¯(z, t)) . (5)
• The expansion of the GPD H(x, ξ, t) around the point ξ = 0 with xed x to the order ξ2ν involves
only nite number of funtions Q2µ(x, t) with µ ≤ ν.
See original papers [1, 10, 11℄ for detailed disussion of properties of these funtions and their physis
interpretation.
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This inversion, atually, orresponds to the Abel transform tomography [9℄. Let us show
relation of Eq. (2) to tomography
‡
. It is useful to make the following substitution for the
integration variable x in Eq. (2):
1
w
=
1
2
(
x+
1
x
)
.
This substitution orrespond to famous Joukowskii onformal map [16℄, whih historially
was used to understand some priniples of aerofoil design. After this hange of variables
the expression for the imaginary part of the amplitude gets the form:
Im Atw2(ξ, t) =
∫ 1
ξ
dw
w
M(w, t)
√
ξ√
w − ξ , (7)
where the funtion M(w, t) is related to the funtion N(x, t) as:
M(w, t) = N
(
1−√1− w2
w
, t
)
w√
2(1− w2)
√
1−√1− w2
. (8)
The Eq. (7) is typial for the Abel tomography. In two dimensions, the Abel transform
a(y) an be interpreted as the projetion of a axially symmetri funtion m(ρ) along a set
of parallel lines of sight whih are at distane y from the origin. Referring to Fig. 1, the
observer see the image:
a(y) =
∫ ∞
−∞
dx m(ρ) . (9)
Now, using axial symmetry of the funtionm(ρ), we make substitution for the integration
variable x2 = ρ2−y2, as the result we obtain the following expression for the image funtion
a(y):
a(y) =
∫ ∞
y2
dρ2
m(ρ)√
ρ2 − y2 . (10)
This equation has exatly the form (with obvious identiation of variables and funtions)
of Eq. (7). We see that we redue our problem about GPDs to the restoring of images
of axially symmetri objets
§
from their photographs on plane. This problem is solved
unambiguously with help of Abel transform [9℄. Let us demonstrate us this diretly for
Eq. (7). Introduing the following notations m(w, t) = M(w,t)
w
and a(ξ, t) = 1√
ξ
ImA(ξ, t)
(ρ2 = w and y2 = ξ), we arrive at the integral equation of Abel:
a(ξ, t) =
∫ 1
ξ
dw
m(w, t)√
w − ξ ,
‡
See Ref. [15℄ for the pioneering appliations of the Radon tomography methods to GPDs.
§
It would be interesting to understand the deep meaning of this axial symmetry in ontext of GPD
problem. Amplitudes of hard exlusive proesses are photographs of some objet whih is axial symmetri
in plane of variables X =
√
2x
1+x2
− ξ and Y = √ξ.
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Figure 1: Illustration for Abel transform tomography
whih has very simple and unambiguous solution. Indeed, to solve the Abel equation we
multiply both sides of the above equation equality by 1/
√
ξ − z and integrate it over ξ
from z to 1. Then hanging sequene of integration over ξ and w, we obtain∫ 1
z
dξ
a(ξ, t)√
ξ − z =
∫ 1
z
dξ
1√
ξ − z
∫ 1
ξ
dw
m(w, t)√
w − ξ =
∫ 1
z
dw m(w, t)
∫ w
z
dξ
1√
(w − ξ)(ξ − z)
∫ 1
z
dξ
a(ξ, t)√
ξ − z = pi
∫ 1
z
dw m(w, t).
Now dierentiating that expression over z, one an write
m(w, t) = −1
pi
d
dw
∫ 1
w
dξ
a(ξ, t)√
ξ − w.
This solves the Abel tomography problem. Making neessary trivial hange of variables
we obtain the expression for the GPD- quintessene funtion N(x, t) in terms of the
amplitude [10℄:
N(x, t) =
2
pi
x(1− x2)
(1 + x2)3/2
∫ 1
2x
1+x2
dξ
ξ3/2
1√
ξ − 2x
1+x2
{
1
2
Im Atw2(ξ, t)− ξ d
dξ
Im Atw2(ξ, t)
}
(11)
The beauty of the Abel transform lies in its exatness and oniseness. Many eetive
numerial methods to implement the Abel transform were developed, see e.g [17℄. For
instane, Chan and Lu [18℄ suggested the form of Abel transform whih avoids derivatives
(whih an be noisy when applied to data) of the image funtion (ImA in our ase).
Our Eq. (11) in representation of Chan and Lu has the form:
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N(x, t) = −1
pi
x(1− x2)
(1 + x2)3/2
∫ 1
2x
1+x2
dξ
1
(ξ − 2x
1+x2
)
3
2
×
{
1√
ξ
Im Atw2(ξ, t)−
√
1 + x2
2x
Im Atw2
(
2x
1 + x2
, t
)}
(12)
+
1
pi
√
2x(1 + x)√
1 + x2
Im Atw2
(
2x
1 + x2
, t
)
.
Dual parameterization for twist-3 DVCS amplitude
The DVCS twist-3 amplitude was omputed in Refs. [19, 20, 21, 22℄, it inludes the
ontributions whih are suppressed by power of 1/Q relative to the twist-2 amplitude.
The inlusion of suh terms is mandatory to ensure the eletromagneti gauge invariane
of the DVCS amplitude to the order
√−t/Q, also these ontributions an give sizable
ontributions to the DVCS observables [23℄. At the order 1/Q the DVCS amplitude
depends on a set of new GPDs. In Refs. [21, 25, 22, 27℄ it was shown in that in the so-
alled Wandzura-Wilzek (WW) [24℄ approximation these new funtions an be expressed
in terms of twist-2 GPDs. The WW approximation orresponds to negleting the nuleon
matrix elements of the `genuine twist-3' operators of the type ψ¯Gψ, i.e. negleting the
nonperturbative quark-gluon orrelations in the nuleon. In priniple this approximation
is not justied by any small parameter of the theory. However, reent measurements
of the polarized struture funtion gT (x) [29℄ show that the WW approximation works
pretty well in this ase. Also the estimates of the `genuine twist-3' ontributions polarized
struture funtions gT (x) and hL(x) [30, 31℄, and to twist-3 GPDs [32℄ in the theory of
instanton vauum (whih is a model of non-perturbative quark-gluon orrelations) showed
that these ontributions are parametrially suppressed relative to the `kinematial' part
of the twist-3 ontributions by the paking fration of instantons in the vauum.
To the twist-3 auray the DVCS amplitude has the form:
T µν =
1
2P ·Q
∫
dx
(
1
ξ − x− i0 −
1
ξ + x− i0
)[
H(x, ξ)
(
−2ξP µP ν − P µQν − P νQµ
+ gµν(P ·Q)− 1
2
P µ∆ν⊥ +
1
2
P ν∆µ⊥
)
− [H3(x, ξ) + ξ
x
HA(x, ξ)
]
∆ν⊥
(
3ξP µ +Qµ
)]
, (13)
where P = (p+ p′)/2, Q = (q + q′)/2,∆ = q − q′ = p′ − p = −2ξP +∆⊥, while p, p′, q, q′
are the initial and nal momenta of pion and photon, respetively. The three terms in the
square brakets are individually gauge invariant up to order ∆2⊥, i.e. q
′
νT
µν = O(∆2⊥) =
qµT
µν
. As P and Q are longitudinal and ∆⊥ transverse, the rst term orresponds to
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transverse polarization of the virtual photon, whereas the seond term to the longitudi-
nally polarized virtual photon The seond term ontains the new twist-3 ontributions to
the DVCS amplitude, whih are dened as:
∫
dλ
2pi
eiλx(P¯ n)〈p′|ψ¯
(
−λ
2
n
)
γµψ
(
λ
2
n
)
|p〉 = P µH(x, ξ) + ∆µ⊥H3(x, ξ) , (14)∫
dλ
2pi
eiλx(P¯ n)〈p′|ψ¯
(
−λ
2
n
)
γµγ5ψ
(
λ
2
n
)
|p〉 = iεµαβδ∆αP βnδHA(x, ξ) . (15)
Here the light-one vetor n is normalized as n · P = 1
We introdue elementary twist-3 amplitude (in omplete analogy with twist-2 that
(1)), whih orresponds to longitudinally polarized virtual photon:
Atw3(ξ, t) = −ξ
2
∫ 1
0
dx
(
1
ξ − x− i0 −
1
ξ + x− i0
)
4
[
H3(x, ξ, t) +
ξ
x
HA(x, ξ, t)
]
. (16)
This amplitude an be extrated from the DVCS data onsidering azimuthal angle de-
pendene of the observables.
For the new twist-3 GPDs we use WW approximation [25, 26℄:
4
[
H3(x, ξ, t) +
ξ
x
HA(x, ξ, t)
]
=
x− ξ
x
{
θ(ξ − x)
∫ x
−1
dy
y − ξ ∂+H − θ(x− ξ)
∫ 1
x
dy
y − ξ ∂+H
}
+
x+ ξ
x
{
θ(−x − ξ)
∫ x
−1
dy
y + ξ
∂−H − θ(x+ ξ)
∫ 1
x
dy
y + ξ
∂−H
}
,
where
∂±H =
∂H(x, ξ, t)
∂ξ
± ∂H(x, ξ, t)
∂x
.
After substitution of this expression into Eq. (16) we obtain the expression for the twist-3
amplitude in terms of twist-2 GPD H(x, ξ, t):
Atw3(ξ, t) =
ξ
2
∫ 1
0
dx
2x
x2 − ξ2
[
θ(ξ − x)x− ξ
x
∫ x
−1
dy
y − ξ ∂+H − θ(x+ ξ)
x+ ξ
x
∫ 1
x
dy
y + ξ
∂−H
]
.(17)
To ompute the twist-3 amplitude we employ formal series deomposition of twist-
2 GPD H(x, ξ, t), whih represents GPDs as the innite sum of t-hannel resonane
exhanges [28℄:
H(x, ξ, t) =
∞∑
n=1,3...
n+1∑
l=0,2...
Bnl(t)θ
(
1− x
2
ξ2
)(
1− x
2
ξ2
)
C3/2n
(
x
ξ
)
Pl
(
1
ξ
)
. (18)
It is easy to see that
∂±H(y, ξ, t) = −
(
y
ξ
∓ 1
)
∂H(y, ξ, t)
∂y
(19)
+
∞∑
n=1,3...
n+1∑
l=0,2...
Bnl(t)θ
(
1− x
2
ξ2
)(
1− x
2
ξ2
)
C3/2n
(
x
ξ
) ∂Pl (1ξ)
∂ξ
.
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Substituting this expression into Eq. (17) we obtain the partial wave representation of
the twist-3 amplitude:
Atw3(ξ, t) = Atw2(ξ, t) + 2
∞∑
n=1,3...
n+1∑
l=0,2...
Bnl(t)ξ
∂Pl(
1
ξ
)
∂ξ
1
(n+ 1)(n+ 2)
. (20)
Here Atw2 is the twist-2 DVCS amplitude given by Eqs. (2,3), so that the new ingredient is
the seond term in above expression. For that term we introdue the following notation:
A+ = 2
∞∑
n=1,3...
n+1∑
l=0,2...
Bnl(t)ξ
∂Pl(
1
ξ
)
∂ξ
1
(n+ 1)(n+ 2)
, (21)
and perform resummation of partial waves for it. To perform this resummation we,
following Ref. [1℄, represent the oeients Bnl(t) as the Mellin moments of forward-like
funtions Q2ν(x, t):
Bn,n+1−2ν(t) =
∫ 1
0
dx xn Q2ν(x, t) . (22)
Substituting this equation to (21) hanging sequene of summation and integration we
obtain:
A+(ξ, t) = 2
∞∑
ν=0
ξ
∂
∂ξ
∫ 1
0
dx
x
xkS2ν(x, t)
∞∑
l=2,4..
xlPl
(
1
ξ
)
, (23)
where introdued funtions satisfy following equation x2 d
2S2ν(x,t)
dx2
= Q2ν(x, t) with ondi-
tions S2ν(1, t) =
dS2ν(x,t)
dx
= 0. It is easy to see that a solution of the equation has the form
of Mellin onvolution:
S2ν(x, t) =
∫ 1
x
dz
z
(
1− x
z
)
Q2ν(z, t).
Eventually, performing the summation over l in Eq. (23) we obtain the following expression
for amplitude A+(ξ, t):
ImA+(ξ, t) = ξ
∂
∂ξ
∫ 1
1−
√
1−ξ2
ξ
dx
x
NS(x, t)
1√
2x
ξ
− 1− x2
, (24)
ReA+(ξ, t) = ξ
∂
∂ξ
∫ 1−√1−ξ2
ξ
0
dx
x
NS(x, t)
[
1√
1− 2x
ξ
+ x2
+
1√
1 + 2x
ξ
+ x2
− 2√
1 + x2
]
+ ξ
∂
∂ξ
∫ 1
1−
√
1−ξ2
ξ
dx
x
NS(x, t)
[
1√
1 + 2x
ξ
+ x2
− 2√
1 + x2
]
.
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Here in analogy to GPD-quintessene funtion N(x, t) (6) we introdued its ounterpart
for twist-3 GPDs:
NS(x, t) =
∞∑
ν=0
x2ν S2ν(x, t) =
∫ 1
x
dz
z
(
1− x
z
) ∞∑
ν=0
x2ν Q2ν(z, t) . (25)
We see that at twist-3 level the funtion NS(x, t) provides us with new additional infor-
mation about forward-like funtions Q2ν(x, t). Therefore it is important to perform Abel
tomography for the twist-3 DVCS amplitude.
Abel tomography and dispersion relations for twist-3 DVCS amplitude
Now we an obtain the funtion NS(x, t) if we know the twist-3 DVCS amplitude. We
remind that the twist-3 DVCS amplitude given by Eq. (16) in WW approximation an
be represented as:
Atw3(ξ, t) = Atw2(ξ, t) + A+(ξ, t) , (26)
where twist-2 amplitude Atw2(ξ, t) is given by Eq. (2,3) in terms of GPD-quintessene
funtion N(x, t) and the amplitude A+(ξ, t) by the Eq. (24) in terms of funtion NS(x, t)
(25). Eq. (24) an be brought to Abel type integral equation with help of Joukovski
transformation and one an apply the Abel tomography desribed in the rst setion to
the twist-3 ase. The result is the following:
NS(x, t) =
1
pi
(1− x2)√
1 + x2
∫ 1
2x
1+x2
dξ√
ξ
1√
ξ − 2x
1+x2
{
ImAtw2(ξ, t)− ImAtw3(ξ, t)} . (27)
Measuring twist-2 and twist-3 DVCS amplitudes (they an be separated studying the
azimuthal angle dependene of various DVCS asymmetries) we an aess the funtion
NS(x, t) whih provides additional information about forward-like funtions and GPDs.
Using the expression for ImAtw2 (2) in terms of the quintessene funtion N(x, t) we an
rewrite the Eq. (27) in the following form:
NS(x, t) =
1− x2√
1 + x2

∫ 1
x
dy
y
N(y, t)√
1 + y2
− 1
pi
∫ 1
2x
1+x2
dξ√
ξ
ImAtw3(ξ, t)√
ξ − 2x
1+x2


(28)
It was shown in Ref. [10℄ that the dual parameterization representation for the twist-2
DVCS amplitude (2,3) automatially satisfy the one subtrated dispersion relation:
ReAtw2(ξ, t) = 2D(t) +
1
pi
vp
∫ 1
0
dζ ImAtw2(ζ, t)
(
1
ξ − ζ −
1
ξ + ζ
)
, (29)
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with the subtration onstant given by the D-form fator (4). This result was obtained
reently in Refs. [13, 14℄ by independent methods. We see that the dual parameterization
automatially ensures the dispersion relations for the amplitudes. Now we an repeat the
derivation of the dispersion relations for the twist-3 amplitude. To nish this, one has to
substitute the expression for NS(x, t) (27) into Eq. (24) for the twist-3 real part of the
DVCS amplitude. After simple alulations we obtain one subtrated dispersion relation
for the twist-3 DVCS amplitude:
ReAtw3(ξ, t) = 2D(t) +
1
pi
vp
∫ 1
0
dζ ImAtw3(ζ, t)
(
1
ξ − ζ −
1
ξ + ζ
)
. (30)
We see that for the twist-3 amplitude the subtration onstant is given by the D-form
fator, the same as for the twist-2 amplitude.
Conlusions
We extended the dual parameterization to the ase of the twist-3 ontributions to the
DVCS amplitude. It is demonstrated that the twist-3 DVCS amplitude in the Wandzura-
Wilzek approximation is determined by single funtion NS(x, t)the twist-3 analogue of
the GPD quintessene funtion N(x, t)whih gives omplementary information about
forward -like funtions and GPDs. We proved dispersion relations for the twist-3 am-
plitude. It turned out that the subtration onstant for this ase is the same as for the
twist-2 ase, and given by the D - form fator.
We presented equation whih diretly and unambiguously express GPD quintessene
funtions N(x, t) and NS(x, t) in terms of twist-2 and twist-3 DVCS amplitudes respe-
tively. Relation of these equations to the Abel transform tomography is elaborated.
Amplitudes of hard exlusive proesses an be viewed as photographs of some objet
with axial symmetry in plane of variables X =
√
2x
1+x2
− ξ and Y = √ξ. It remains to
deipher the deep meaning of these variables and orresponding axial symmetry.
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